Abstract. We describe the flat surfaces with flat normal bundle and regular Gauss map immersed in R 4 using spinors and Lorentz numbers. We obtain a new proof of the local structure of these surfaces. We also study the flat tori in the sphere S 3 and obtain a new representation formula. We then deduce new proofs of their global structure, and of the global structure of their Gauss map image.
Introduction
In this paper we are interested in flat surfaces with flat normal bundle in R 4 and in their description using spinors. We show how a general spinor representation formula of surfaces in R 4 permits to obtain the following important results concerning their local and global structure:
(1) locally a flat surface with flat normal bundle and regular Gauss map depends on four functions of one variable [6, 5] ; (2) a flat torus immersed in S 3 is a product of two horizontal closed curves in S 3 ⊂ H [3, 14, 15, 11] .
With this formalism we also obtain the structure of the Gauss map image of a flat torus in S 3 [7, 18] .
This approach permits a unified treatment of numerous questions concerning flat surfaces with flat normal bundle in R 4 : the main idea is to write the general spinor representation formula obtained in [2] in parallel frames adapted to the surfaces; with the spinor construction and the representation formula at hand, the proofs then appear to be quite simple.
In the paper, the principal object attached to a flat immersion with flat normal bundle in R 4 is a map g, which represents a constant spinor field in a moving frame adapted to the immersion; as a consequence of the spinor representation formula, it appears that g, together with the metric of the surface, determines the immersion (with an explicit formula). Moreover, in the special case of a surface in S 3 , g also determines the metric of the surface and thus entirely determines the immersion. The structure of the flat immersions with flat normal bundle in R 4 thus crucially relies on the structure of g. In the paper, the map g is considered as a curve into a sphere, parameterized by the Lorentz numbers. We show that its arc length parametrization yields natural coordinates on the surface which generalize the asymptotic Tchebychef net of the flat surfaces in S 3 (Theorem 2 and Remark 6.11); as a corollary of the spinor representation formula, we then obtain the local structure
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1 of the flat immersions with flat normal bundle in R 4 (Theorem 3 and Corollary 1). When the surface is compact, we show that the arc length parametrization of g gives in fact a global parametrization of the surface (Proposition 7.1), and, as a corollary, we obtain a new representation of the flat tori in S 3 (Theorem 4); we then observe that the two natural projections of g on its positive and negative parts are in fact the two curves in the Kitagawa representation of the torus defined by g (Theorem 5 and Section 7.5). Finally, a Hopf projection of g gives the Gauss map of the surface, which permits to study easily the structure of the Gauss map image of the flat tori in S 3 (Corollary 2).
We previously used this approach in [1] to study flat surfaces with flat normal bundle and regular Gauss map in 4-dimensional Minkowski space R 1,3 . The present paper uses similar ideas, and gives applications of the spinor representation formula contained in [2] .
We quote papers concerning flat surfaces with flat normal bundle in R 4 . In [3] Bianchi constructed flat surfaces in S 3 as a product, in the quaternions, of two special curves. Sasaki [14] and Spivak [15] classified the complete flat surfaces in S 3 . In [11] , Kitagawa gave a method to construct all the flat tori in S 3 : a flat torus is a product of two curves in the unit quaternions; these curves are constructed as asymptotic lifts of periodic curves in S 2 (the Kitagawa representation). In [9] , Gálvez and Mira constructed non-trivial flat tori with flat normal bundle in R 4 which are not contained in any 3-sphere, which raises the question of the construction of all the flat tori with flat normal bundle in R 4 . Enomoto [7] and Weiner [18] described the flat tori in S 3 in terms of their Gauss map.
The outline of the paper is as follows: in Section 1 we describe the Clifford algebra of R 4 and its spinor representation using quaternions and Lorentz numbers, in Section 2 we describe the spinor bundle twisted by a bundle of rank two on a Riemannian surface and in Section 3 the spinor representation of a surface in R 4 , rewriting the spinor representation formula of [2] using Lorentz numbers. Using the same formalism, we then describe in Section 4 the Gauss map of a surface in R 4 , together with its relation to the spinor representation formula of the surface. Section 5 is devoted to Lorentz surfaces and Lorentz numbers. We then give the local description of the flat surfaces with flat normal bundle and regular Gauss map in R 4 in Section 6, and finally describe the flat tori in S 3 and their Gauss map in Section 7. An appendix on Lorentz numbers and quaternions ends the paper.
Clifford algebra of R 4 and spin representations with Lorentz numbers
In this section, we describe the Clifford algebras and spinors of R 4 using Lorentz numbers and quaternions.
Lorentz numbers and quaternions. The algebra of Lorentz numbers is the algebra
A = {x + σy, x, y ∈ R}, with the usual operations, where σ is a formal element satisfying σ 2 = 1. We consider the quaternions with coefficients in A,
H
A := {a 0 1 + a 1 I + a 2 J + a 3 K, a 0 , a 1 , a 2 , a 3 ∈ A},
where I, J, K satisfy
and we consider the following two inner products on H A :
., . :
where
1.2. Clifford map, Clifford algebra and Spin representations. We consider the Clifford map
where H A (2) stands for the space of 2 × 2 matrices with coefficients in H A ; using this map, the Clifford algebra of R 4 identifies to
Here and below, for ξ = a 0 1 + a 1 I + a 2 J + a 3 K ∈ H A we denotê
where, if a i = x i + σy i belongs to A, its conjugate is a i := x i − σy i . Its subalgebra of even elements is
and we have Spin(4) = {a ∈ H A : H(a, a) = 1} =:
We note the identification S
when we identify H A to H ⊕ H by the isomorphism
where ξ, ξ + and ξ − are linked by
Moreover, we have the double covering Φ : Spin(4)
We note that the euclidean metric on R 4 is given by the restriction of the form H.
where the complex structure on H A is given by the right multiplication by I. The restriction of the representation ρ to Spin(4) gives
This representation splits into
where H A + = {ξ ∈ H A : σξ = ξ} and H A − = {ξ ∈ H A : σξ = −ξ}; this decomposition corresponds to (4), since
Spinors under the splitting R
and
of Spin(2) × Spin(2), where
are two copies of the spinor representation of Spin(2); moreover, the decomposition (9) corresponds to the decomposition (11): indeed, writing
it is not difficult to see that the restrictions of the representation (10) to the subspaces S ++ , S −− , S +− and S −+ are respectively equivalent to the multiplications by e −i(θ1+θ2) , e i(θ1+θ2) , e i(θ1−θ2) and e i(−θ1+θ2) on C where θ 2 ∈ R/2πZ describes the first factor and θ 1 ∈ R/2πZ the second factor of Spin ′ (2) × Spin(2), as in (7)-(8).
Twisted spinor bundle
We assume that M is an oriented surface, with a metric, and that E → M is a vector bundle of rank two, oriented, with a fibre metric and a connection compatible with the metric. We set Σ := ΣE ⊗ ΣM, the tensor product of spinor bundles constructed from E and T M. We denote by Q := Q E × M Q M the SO(2) × SO(2) principal bundle on M, product of the positive and orthonormal frame bundles on E and T M. IfQ :=Q E × MQM is the Spin(2) × Spin(2) principal bundle product of the spin structuresQ E → Q E andQ M → Q M , the bundle Σ is associated toQ and to the representation (10) , that is
This is because ρ is equivalent to the representation ρ 1 ⊗ ρ 2 , tensor product of two copies of the spin representation of Spin(2) (see Remark 1.1 above). Obviously, the maps ξ → gξ belong in fact to End H A (H A ), the space of endomorphisms of H A which are H A −linear, where the linear structure on H A is given by the multiplication on the right: Σ is thus naturally equipped with a linear right-action of H A . Since the products ., . and H(., .) on H A are preserved by the multiplication of Spin(4) on the left, Σ is moreover naturally equipped with the products
where ξ and ξ ′ ∈ H A are the coordinates of ϕ and ϕ ′ in some spinorial frame.
We quote the following properties: for all X ∈ E ⊕ T M and ϕ, ψ ∈ Σ,
and ϕ, ψ = ψ, ϕ .
Notation. Throughout the paper, we will use the following notation: ifs ∈Q is a given frame, the brackets [·] will denote the coordinates ∈ H A of the spinor fields ins, that is, for ϕ ∈ Σ,
We will also use the brackets to denote the coordinates ins of the elements of the Clifford algebra
We note that
If (e 0 , e 1 ) and (e 2 , e 3 ) are positively oriented and orthonormal frames of E and T M, a frames ∈Q such that π(s) = (e 0 , e 1 , e 2 , e 3 ), where π :Q → Q E × M Q M is the natural projection onto the bundle of the orthonormal frames of E ⊕ T M , will be called adapted to the frame (e 0 , e 1 , e 2 , e 3 ); in such a frame, e 0 , e 1 , e 2 and e 3 ∈ Cl 1 (E ⊕ T M ) are respectively represented by σ1, I, J and K ∈ H A .
Spinor representation of surfaces in R 4
The aim of this section is to formulate the main results of [2] using the formalism introduced in the previous sections. We keep the notation of the previous section, and recall that Σ = ΣE ⊗ ΣM is equipped with a natural connection
the tensor product of the spinor connections on ΣE and on ΣM, and also with a natural action of the Clifford bundle
see [2] . This permits to define the Dirac operator D acting on Γ(Σ) by
where (e 2 , e 3 ) is an orthonormal basis of T M. We have the following:
Proposition 3.1. Let H be a section of E, and assume that ϕ ∈ Γ(Σ) is such that
We define the
for all X ∈ T M, where the pairing ., . : Σ × Σ → H A is defined in the previous section. Then
(1) the form ξ satisfies ξ = −ξ, and thus takes its values in R 4 ⊂ H A (see (6) ); (2) the form ξ is closed: dξ = 0.
Proof. The first part of the proposition is a consequence of (12) and (13), and the second part relies on the Dirac equation (14); we refer to [2] for the detailed proof of a very similar proposition.
We may rewrite Theorem 1 of [2] for surfaces in R 4 as follows:
Theorem 1. Suppose that M is moreover simply connected. The following statements are equivalent.
(1) There exists a spinor field ϕ of Γ(Σ) with H(ϕ, ϕ) = 1 solution of the Dirac equation
(2) There exists a spinor field ϕ ∈ Γ(Σ) with H(ϕ, ϕ) = 1 solution of
where B : T M ×T M −→ E is bilinear with 
for all X ∈ T M.
The proof that (1) is equivalent to (3) is very simple: assuming first that M is immersed in R 4 , the spinor bundle of R 4 restricted to M identifies to Σ = ΣE ⊗ΣM where E is the normal bundle of the surface in R 4 , and the restriction to M of the constant spinor field 1 of R 4 satisfies (1) (by the spinor Gauss formula, see [2] ); conversely, if ϕ ∈ Γ(Σ) satisfies (1), it is easy to check that the formula F = ξ, where ξ is defined by (16) , defines an isometric immersion with normal bundle E and mean curvature vector H; see [1, 2] .
4 identifies E with the normal bundle of the immersion; it preserves the metrics, the connections and the fundamental forms. See [1, 2] . Remark 3.3. Applications of the spinor representation formula in Sections 6 and 7 will rely on the following simple observation: assume that F o : M ֒→ R 4 is an isometric immersion and consider ϕ = 1 |M the restriction to M of the constant spinor field 1 of R 4 ; if
is the immersion given in the theorem, then F ≃ F o . This is in fact trivial since
in a spinorial frames of R 4 which is above the canonical basis (in such a frame [ϕ] = ±1). The representation formula (17) , when written in moving frames adapted to the immersion, will give non trivial formulas.
The Gauss map of a surface in R 4
We assume in this section that M is an oriented surface immersed in R 4 . We consider Λ 2 R 4 , the vector space of bivectors of R 4 endowed with its natural metric ., . . The Grassmannian of the oriented 2-planes in R 4 identifies with the submanifold of unit and simple bivectors
and the oriented Gauss map of M with the map
where (u 1 , u 2 ) is a positively oriented and orthonormal basis of for all a = a 1 + σa 2 ∈ A and η ∈ Λ 2 R 4 . We also define
for all η, η ′ ∈ Λ 2 R 4 . This is a A-bilinear map on Λ 2 R 4 since, by (19) ,
for all η, η ′ ∈ Λ 2 R 4 , and we have
The bivectors
form a basis of Λ 2 R 4 as a module over A; this basis is such that H(E i , E j ) = δ ij for all i, j. Using the Clifford map defined Section 1.2, and identifying Λ 2 R 4 with the elements of order 2 of Cl 0 (4) ⊂ Cl(4) ⊂ H A (2) (see (1)), we get
moreover, using this identification, the Lorentz structure σ and the quadratic map H defined above on Λ 2 R 4 coincide with the natural Lorentz structure σ and the quadratic map H defined on H A (Section 1.1), and
We note that, by the isomorphism (4),
We define the cross product of two vectors ξ, ξ
It is such that ξ, ξ
for some λ ∈ A.
Proof. Writing
where ξ + , ξ − , ξ We also define the mixed product of three vectors ξ, ξ
The mixed product is a A-valued volume form on ℑm H A ; it induces a natural A-valued area form ω Q on Q by
for all p ∈ Q and all ξ, ξ ′ ∈ T p Q. We now compute the pull-back by the Gauss map of the area form ω Q : Proposition 4.2. We have
where ω M is the area form, K is the Gauss curvature and K N is the normal curvature of M ֒→ R 4 . Assuming moreover that
is one-to-one at some point
Proof. Let (e 2 , e 3 ) be a positively oriented and orthonormal frame tangent to M. By definition, we have
Since G = e 2 ∧ e 3 , we have dG = B(e 2 , .) ∧ e 3 + e 2 ∧ B(e 3 , .) ≃ B(e 2 , .) · e 3 + e 2 · B(e 3 , .)
where B : T M × T M → E is the second fundamental form of M ֒→ R 4 , and straightforward computations give
= α e 2 · e 3 + β with α = B(e 2 , e 3 ) · B(e 2 , e 3 ) − 1 2 (B(e 2 , e 2 ) · B(e 3 , e 3 ) + B(e 3 , e 3 ) · B(e 2 , e 2 )) and β = (B(e 2 , e 2 ) − B(e 3 , e 3 )) · B(e 2 , e 3 ) − B(e 2 , e 3 ) · (B(e 2 , e 2 ) − B(e 3 , e 3 )).
Here the dot · stands for the Clifford product in Cl(4), which, for elements in
in the basis (e 2 , e 3 ), we then easily obtain
The first term is α = K and the second term is
where, for ν ∈ E, S ν :
Since e 2 · e 3 = G and e 0 · e 1 = σ e 2 · e 3 = σG, (25) and H(G, G) = 1 imply (24). We finally prove the last claim of the proposition: if K = K N = 0, then formula (26) implies that dG(e 2 ) × dG(e 3 ) = 0; writing 
for some λ ∈ A (Lemma 4.1). Thus dG(T x0 M ) belongs to {a U ′ , a ∈ A}, where
2) and setting U := µ −1 U ′ , we get H(U, U ) = 1 and dG(T x0 M ) ⊂ {a U, a ∈ A}. This is an equality since dG is one-to-one.
Conversely, if dG(T x0 M ) is some A-line in T G(x0) Q, we obviously get G * ω Q = 0 at x 0 , and (24) implies that K = K N = 0. Remark 4.3. As a corollary of the proposition, we easily obtain the Gauss-Bonnet and the Whitney formulas: integrating (24), we get
Writing
Since the real forms ω 1 , ω 2 are in fact the usual area forms on each one of the two factors S 2 of the splitting (22), we get M G * 1 ω 1 = 4πd 1 and M G * 2 ω 2 = 4πd 2 where d 1 and d 2 are the degrees of G 1 : M → S 2 and G 2 : M → S 2 respectively, and formula (28) thus yields
which gives
See [10] and [17] for other proofs and further consequences of these formulas.
We finally give the expression of the Gauss map when the immersion is given by a spinor field ϕ ∈ Γ(Σ), as in Theorem 1:
Lemma 4.4. The Gauss map of the immersion defined by ϕ is given by
where g = [ϕ] in some local section ofQ. In this formula
are viewed as maps with values in the quaternions H A ; see (21) and (2).
Proof. We assume that ϕ = [s, g] ∈ Σ ≃Q × H A /ρ (see Section 2), and we denote by (e 2 , e 3 ) the positively oriented and orthonormal basis tangent to the immersion which is associated tos. We first note that G = e 2 · e 3 · ϕ, ϕ . Indeed,
and v 3 := e 3 · ϕ, ϕ form a positive and orthonormal basis tangent to the immersion (see Theorem 1), and the Gauss map G = v 2 ∧ v 3 identifies to 
since [ϕ] = g and [e 2 · e 3 ] = I ins; this gives (29) since g = g −1 (g ∈ Spin(4)).
Remark 4.5. The lemma implies that the diagram
t t t t t t t t t
is commutative, where the projection p is defined by
(here ϕ x belongs to the fibre above the point x ∈ M, and [ϕ x ] denotes its component in some frame belonging toQ x ), and where the horizontal map is x → (x, G(x)). Thus ϕ is a lift of the Gauss map (in fact a horizontal lift, if we consider the connection ∇ϕ − η · ϕ with η := −1/2 j=2,3 e j · B(., e j )). Theorem 1 thus roughly says that some lift of the Gauss map permits to write the immersion intrinsically. We will get a nicer picture in the case of a flat immersion with flat normal bundle; see Lemma 6.4 and Proposition 7.4 below.
Lorentz surfaces and Lorentz numbers
In this section we present elementary results concerning Lorentz surfaces and Lorentz numbers; we refer to [4, 12] for an exposition of the theory in the framework of para-complex geometry.
We will say that a surface M is a Lorentz surface if there is a covering by open subsets M = ∪ α∈S U α and charts
such that the transition functions
are conformal maps in the following sense: for all a ∈ ϕ α (U α ∩ U β ) and h ∈ A,
. A Lorentz structure is also equivalent to a smooth family of maps
This definition coincide with the definition of a Lorentz surface given in [19] : a Lorentz structure is equivalent to a conformal class of Lorentz metrics on the surface, that is to a smooth family of cones in every tangent space of the surface, with distinguished lines. Indeed, the cone at x ∈ M is
where the sign of the eigenvalues ±1 permits to distinguish one of the lines from the other.
If M is moreover oriented, we will say that the Lorentz structure is compatible with the orientation of M if the charts ϕ α : U α → A, α ∈ S preserve the orientations (the positive orientation in A = {x + σy, x, y ∈ R} is naturally given by (∂ x , ∂ y )). In that case, the transition functions are conformal maps A → A preserving orientation.
If M is a Lorentz surface, a smooth map ψ : M → A (or A n , or a Lorentz surface) will be said to be a conformal map if dψ preserves the Lorentz structures, that is if
for all x ∈ M and u ∈ T x M. In a chart A = {x + σy, x, y ∈ R}, a conformal map satisfies ∂ψ ∂y = σ ∂ψ ∂x .
Defining the coordinates (s, t) such that
(s and t are parameters along the distinguished lines) and writing
and we get ψ 1 = ψ 1 (s) and
A conformal map is thus equivalent to two functions of one variable. We finally note that if ψ : M → A n is a conformal map, we have, in a chart a :
where da = dx + σdy and ψ ′ belongs to A n ; this is a direct consequence of (32)
for all x ∈ M and all u ∈ T x M. This is because
for some U ∈ T G(x) Q ⊂ H A in that case, which implies that dG x (T x M ) is stable by multiplication by σ. This Lorentz structure is the Lorentz structure introduced in [9] .
6. Local description of flat surfaces with flat normal bundle in R
4
In this section we suppose that M is simply connected and that the bundles T M and E are flat (K = K N = 0). We recall that the bundle Σ := ΣE ⊗ ΣM is associated to the principal bundleQ and to the representation ρ of the structure group Spin(2) × Spin(2) in H A given by (10) . Since the curvatures K and K N are zero, the spinorial connection on the bundleQ is flat, andQ admits a parallel local sections; since M is simply connected, the sections is in fact globally defined.
We consider ϕ ∈ Γ(Σ) a solution of
such that H(ϕ, ϕ) = 1, and g = [ϕ] : M → Spin(4) the coordinates of ϕ ins :
Note that, by Theorem 1, ϕ also satisfies
for all X ∈ T M, where η(X) = −1/2 j=2,3 e j · B(X, e j ) for some bilinear map
In the following, we will denote by (e 0 , e 1 ) and (e 2 , e 3 ) the parallel, orthonormal and positively oriented frames, respectively normal, and tangent to M, corresponding tos (i.e. such that π(s) = (e 0 , e 1 , e 2 , e 3 ) where π :Q → Q E × Q M is the natural projection).
We moreover assume that the Gauss map G of the immersion defined by ϕ is regular, and consider the Lorentz structure σ induced on M by G, defined by (34).
We now show that g is in fact a conformal map admitting a special parametrization, its arc length, and that, in such a special parametrization, g depends on a single conformal map ψ : U ⊂ A → A. To state the theorem, we define
subgroup of transformations of A.
Theorem 2. Under the hypotheses above, we have the following:
A is a conformal map, and, at each point of M, there is a local chart a : U ⊂ A → M, unique up to the action of G, which is compatible with the orientation of M and such that g :
2-There exists a conformal map ψ : U ⊂ A → A such that
where a : U ⊂ A → M is a chart defined in 1-.
Remark 6.1. The local chart a may be interpreted as the arc length of g, and the function ψ ′ as the geodesic curvature of g : U ⊂ A → S For the proof of the theorem, we will need the following lemmas:
where η 1 and η 2 are 1-forms on M with values in A.
Proof. Since ϕ = [s, g] and ∇ϕ = [s, dg] (s is a parallel section ofQ), the equation
with [e 2 ] = J, [e 3 ] = K and [B(X, e j )] ∈ Rσ1 ⊕ RI, j = 2, 3 (since B(X, e j ) is normal to the surface (see the end of Section 2)), and (37) follows.
Proof of Lemma 6.3: Recalling Lemma 4.4, we have
Differentiating this identity, we get dG = dgIg + gIdg.
The second term is gdg. To analyze the first term, we note that gdg = dgg is a linear combination of J and K (Lemma 6.2) and thus anticommutes with I; the first term in (40) is thus ggdgIIg = −dgg = gdg (using that gg = 1 for the last equality), and equation (40) thus yields
which gives the second identity in (38). Finally, this is the formη sincẽ
with
Formula (29) in Lemma 4.4 together with the special form of (37) may be rewritten as follows:
as a S
1
A principal bundle, where the action of S
A on Spin(4) is given by the multiplication on the left. This fibration is formally analogous to the classical Hopf fibration
. It is equipped with the horizontal distribution given at every g ∈ Spin(4) by
where R g − 1 stands for the right-multiplication by g −1 on Spin(4). The distribution (H g ) g∈Spin(4) is H-orthogonal to the fibers of p, and, for all g ∈ Spin(4), dp g : H g → T p(g) Q is an isomorphism which preserves σ and such that H(dp g (u), dp g (u)) = 4H(u, u) for all u ∈ H g . With these notations, we have
and the map g : M → Spin(4) appears to be a horizontal lift to Spin(4) of the Gauss map G : M → Q (formulas (29) and (36)).
Proof of Theorem 2: Let a : U ⊂ A → M be a chart given by the Lorentz structure induced by G and compatible with the orientation of M. By Lemma 6.4, g : U ⊂ A → S
3
A is a conformal map (since so are G and p in (42)). We consider
We observe that we may find µ, unique up to the action of G, such that µ ′2 H(g ′ , g ′ ) ≡ 1. To this end, we first note the following Lemma 6.5. The map g : M → S 
which contradicts that dg is injective.
Thus H(g ′ , g ′ ) is invertible in A, and its inverse is of the form H(ξ, ξ) for some
There are four solutions, ±µ ′ , ±σµ ′ , but only two of them define after integration a conformal map µ : A → A preserving orientation. We then obtain µ by integration, unique up to the action of the group G. We finally note that µ is a diffeomorphism (µ ′ is invertible in A, which implies that dµ is an isomorphism), and, considering g • µ instead of g, we may thus assume that H(g ′ , g ′ ) = 1, as claimed in the theorem. Writing
with g 1 = g 1 (s) ∈ H and g 2 = g 2 (t) ∈ H (g is a conformal map), we get
,
belong to RJ ⊕ RK, we deduce that
for ψ 1 = ψ 1 (s) and ψ 2 = ψ 2 (t) ∈ R. The function
satisfies (36). The aim is now to study the metric of the surface in the special chart a = x + σy adapted to g, given by Theorem 2. We recall that (e 0 , e 1 ) and (e 2 , e 3 ) are the parallel, orthonormal and positively oriented frames, respectively normal, and tangent to M, corresponding tos. Let us write
We suppose that ψ : U ⊂ A → A is the conformal map defined above, and we write ψ = θ 1 + σθ 2 with θ 1 and θ 2 ∈ R.
Lemma 6.7. We have e 2 = sin θ 1
where λ, µ ∈ R * satisfy
Moreover, we have λµ > 0.
Proof. In the chart a : U ⊂ A → M introduced above, e 2 , e 3 are represented by two functions e 2 , e 3 : U ⊂ A → A. Ins, the Dirac equation (35) reads
that is J dg(e 2 ) + K dg(e 3 ) = (−σh 0 1 + h 1 I) g; since dg(e 2 )g −1 = g ′ g −1 e 2 and dg(e 3 )g −1 = g ′ g −1 e 3 , using (36) this may be written
Setting c := h 0 cos θ 2 + h 1 sin θ 2 and d := −h 0 sin θ 2 + h 1 cos θ 2 , (47) reads e 2 = d sin θ 1 + σc cos θ 1 and e 3 = −d cos θ 1 + σc sin θ 1 .
Since e 2 and e 3 represent the independent vectors e 2 , e 3 , we have cd = 0; setting µ = 1/c and λ = 1/d, we get (45) and (46). Moreover, λµ > 0 since the bases (e 2 , e 3 ) and (∂ x , ∂ y ) are both positively oriented.
Proposition 6.8. In the chart a = x + σy of Theorem 2, the metric reads
moreover, λ and µ are solutions of the hyperbolic system
Remark 6.9. Note that
(since ψ = θ 1 + σθ 2 is a conformal map), and thus that (49) is equivalent to
Hyperbolic systems similar to (49) and (50) appear in [9] .
Proof. We just write that the basis (e 2 , e 3 ), given in (∂ x , ∂ y ) by (45), is orthonormal and parallel: since the basis (e 2 , e 3 ) is orthonormal, we get I = P t AP, where A is the matrix of the metric in (∂ x , ∂ y ), and where P = Writing that (e 2 , e 3 ), given by (45), is parallel with respect to the metric (48), we get (50), and thus also (49).
Remark 6.10. (Relation to the second fundamental form). If we consider the orthonormal basis normal to the surface u 0 = cos θ 2 e 0 + sin θ 2 e 1 and
and the orthonormal basis tangent to the surface
the second fundamental form B is given by
This may be proved by direct computations using the relation
) together with (36), (37) and (45).
Remark 6.11. The special chart in Theorem 2 generalizes the asymptotic Tchebychef net of a flat surface in S 3 . Indeed, we may easily obtain that the metric of the surface is given by
and the second fundamental form by
in the coordinates (s, t) defined in (33). For a flat surface in S 3 these formulas reduce in fact to ds 2 + dt 2 − 2 cos 2θ 2 dsdt and < B, e 1 >= −2 sin 2θ 2 dsdt respectively, where, if e 0 stands for the outer unit normal vector of S 3 , the vector e 1 is such that (e 0 , e 1 ) is a positively oriented and orthonormal basis normal to M ; this is because λ = −2 sin θ 2 and µ = 2 cos θ 2 in that case (see Remark 7.7 below). These last formulas are characteristic of an asymptotic Tchebychef net [13, 11] .
We finally obtain the local structure of surfaces with K = K N = 0 and regular Gauss map (see [5, 6] for the first description, and [9] for another representation): Theorem 3. Let ψ : U ⊂ A → A be a conformal map, and θ 1 , θ 2 : U → R be such that ψ = θ 1 + σθ 2 ;
suppose that λ, µ are solutions of (49) such that λµ > 0, and define
Then, if g : U → Spin(4) ⊂ H A is a conformal map solving
and if we set
where ω 2 , ω 3 : T U → R are the dual forms of e 2 , e 3 ∈ Γ(T U), the function F = ξ defines an immersion U → R 4 with K = K N = 0. Reciprocally, the immersions of M such that K = K N = 0 and with regular Gauss map are locally of this form.
Proof. We first prove the direct statement. We consider the metric λ 2 dx 2 + µ 2 dy 2 on U; it is such that e 2 ≃ e 2 , e 3 ≃ e 3 ∈ Γ(T U) defined by (53) form an orthonormal frame of T U. Since (λ, µ) is a solution of (49), the frame (e 2 , e 3 ) is parallel (see Proposition 6.8 and its proof), and the metric is flat. We also consider the trivial bundle E := R 2 × U, with its trivial metric and its trivial connection; the canonical basis (e 0 , e 1 ) of R 2 thus defines orthonormal and parallel sections ∈ Γ(E). We set s := (e 0 , e 1 , e 2 , e 3 ) ∈ Q = (SO(2)×SO(2))×U, ands ∈Q = (Spin (2)×Spin (2))×U such that π(s) = s, where π :Q → Q is the natural covering (Section 1.3). We then consider ϕ ∈ Σ =Q × H A /ρ such that [ϕ] = g ins. The form ξ = X · ϕ, ϕ is a closed 1-form (since ϕ is a solution of the Dirac equation Dϕ = H · ϕ, where H = h 0 e 0 + h 1 e 1 is defined by (46); see the proof of Lemma 6.7 and Proposition 3.1), and F = ξ is an isometric immersion of M in R 4 whose normal bundle identifies to E. Thus it is a flat immersion in R 4 , with flat normal bundle. Reciprocally, if F : M → R 4 is the immersion of a flat surface with flat normal bundle and regular Gauss map, we have
where ϕ is the restriction to M of the constant spinor field 1 of R 4 (Remark 3.3). In a parallel frames, we have ϕ = [s, g], where g : M → Spin(4) ⊂ H A is an horizontal and conformal map (Lemma 6.4). In a chart compatible with the Lorentz structure induced by the Gauss map and adapted to g (Theorem 2), ξ is of the form (54) where (ω 1 , ω 2 ) is the dual basis of the basis defined by (53) and where in this last expression λ, µ are solutions of (49) (Proposition 6.8).
As a corollary, we obtain a new proof of the following result [6] : Corollary 1. Locally, a flat surface with flat normal bundle and regular Gauss map depends on 4 functions of one variable.
Proof. We first observe that the function ψ depends on two functions of one variable: since ψ : A → A is a conformal map, writing
we have ψ 1 = ψ 1 (s) and ψ 2 = ψ 2 (t) where the coordinates (s, t) are defined by (33). Now, writing the system (49) in the coordinates (s, t) we get
we may solve a Cauchy problem for this system: once ψ 1 and ψ 2 are given, a solution of (55) depends on two functions µ(0, t), λ(0, t) of the variable t. By Theorem 3, the surface depends on ψ 1 (s), ψ 2 (t), µ(0, t) and λ(0, t).
Remark 6.12. We may try to solve the hyperbolic system (49), prescribing additionally the conformal class of the metric: setting
where λ o and µ o are given functions, (49), in the form (55), easily gives
where A and B depend on the functions λ o , µ o , ψ 1 , ψ 2 and their first derivatives. The existence of a solution thus relies on the compatibility condition ∂ t A = ∂ s B, which depends on the Gauss map G up to its third derivatives (since the second derivatives of ψ depend on g up to its third derivatives, and g is a horizontal lift of G). If this condition holds, the solution f is unique, up to a constant: in the given conformal class, the metric is thus unique up to homothety. This is a special case of the general problem concerning the prescription of the Gauss map, whose solvability relies on a condition of order 3 on the prescribed Gauss map; see [10, 17] .
7. The structure of the flat tori in S
In this section we obtain a spinorial proof of the description of the flat tori in S 3 [3, 14, 15, 11] : a flat torus in S 3 is necessarily a product of two horizontal curves in S 3 ⊂ H. We determine in the first subsection the global Lorentz structure induced on a flat torus in S 3 , we then study the global structure of the map which represents a constant spinor field in a parallel frame adapted to the torus, we then give a representation formula for the flat tori in S 3 and finally prove that they are always products of two horizontal closed curves in S 3 ; in the last two subsections, we link this description to the classical Kitagawa representation of flat tori in S 3 , and also deduce the structure of the Gauss map image.
7.1. The Lorentz structure induced by the Gauss map. We suppose here that M is an oriented flat torus immersed in S 3 ; its normal bundle E → M is trivial, and has a natural orientation. We note that the bundles of frames Q E and Q M are trivial, since there exist globally defined positively oriented and orthonormal frames (e 0 , e 1 ) and (e 2 , e 3 ), which are respectively normal and tangent to M ; in the following, we moreover assume that these frames are parallel (K = K N = 0). We then consider two spin structures
such that, settingQ =Q E × MQM , the spinor bundle ΣR 4 |M identifies to the bundle Σ = ΣE ⊗ ΣM =Q × H A /ρ where ρ is defined by (10) . We note that the Gauss map of M is regular (since M is in S 3 ), and we suppose that M is endowed with the Lorentz structure induced by its Gauss map (see Section 5) and compatible with its orientation.
Proposition 7.1. Let us denote by π :M → M the universal covering of M, and consider the Lorentz structure onM such that π is a conformal map. ThenM is conformal to A, and M is conformal to A/Γ, where Γ is a subgroup of translations of A ≃ R 2 generated by two elements
where the translations τ 1 = a → a + (s 1 , t 1 ) and τ 2 = a → a + (s 2 , t 2 ) are such that
for some positive numbers S, T (the coordinates (s, t) are defined in (33)). Moreover, the lines s and t are closed in the quotient A/Γ.
Proof. We first consider a local sections ∈ Γ(Q) which is a local lift of the parallel frame s = (e 0 , e 1 , e 2 , e 3 ) ∈ Γ(Q), and the locally defined map g :
where ϕ = 1 |M ∈ Γ(Σ). By Theorem 2, there exists a chart a : U ⊂ A → M (the arc length of g) compatible with the orientation and such that
for some conformal map ψ : U ⊂ A → A; this chart is moreover unique up to the action of G = {a → ±a+ b, b ∈ A}. We note that in fact this chart does not depend on the choice of the local sections, since, if we choose the other local lift of s, the spinor field ϕ is represented by −g instead of g. Using these very special charts, we may consider the Lorentz structure on M as a (G, X)-structure, with X = A and G = {a → ±a + b, b ∈ A}. We consider its developping map
its holonomy representation h : γ ∈ π 1 (M ) → g γ ∈ G and its holonomy group Γ = h(π 1 (M )); from the general theory of the (G, X)-structures (see [16] ), there is a map
commutes. Moreover, ifM is endowed with the Lorentz structure induced by π, the developing map D is by construction a conformal map. We note that the (G, X)-structure is complete since M is compact (Prop. 3.4.10 in [16] ). This implies that D identifiesM to A and that D identifies M to A/Γ in the diagram above (p. 142 and Prop. 3.4.5 in [16] ). We will implicitly do these identifications below. The group Γ is commutative and generated by two elements, since so is π 1 (M ); moreover, rank Γ = 2 since the quotient A/Γ is compact. We then easily deduce that Γ is generated by τ 1 = a → a + b 1 , τ 2 = a → a + b 2 , where b 1 = (s 1 , t 1 ) and b 2 = (s 2 , t 2 ) (in the coordinates (s, t)) are independent vectors of A ≃ R 2 .
We now consider the Gauss map G : A/Γ → S 2 A and its lift to the universal coveringG : A → S 2 A . SinceG is a conformal map, it is of the form
Moreover,G is Γ-invariant and thus satisfies: ∀ a ∈ A, ∀ p, q ∈ Z,
thus the subgroups s 1 Z ⊕ s 2 Z and t 1 Z ⊕ t 2 Z are not dense in R (since the mapsG 1 andG 2 are not constant (G is an immersion, and so isG)) and thus are of the form (58) for some positive numbers S and T. We now show that the line s is closed in the quotient A/Γ. We consider (p, q) ∈ Z 2 \(0, 0) such that 0 = pt 1 + qt 2 (if t 2 = 0, (58) implies that t 1 /t 2 belongs to Q). Since ps 1 + qs 2 belongs to SZ, there exists m ∈ Z\{0} such that ps 1 + qs 2 = mS (note that m = 0 since (s 1 , t 1 ) and (s 2 , t 2 ) are linearly independent). Finally,
belongs to Γ, and the result follows. Similarly, the line t is closed in A/Γ. 
for some S ′ ∈ R\{0}. We will prove the second condition in (58). We may assume without loss of generality that p and q are relatively prime numbers, or equivalently that αp + βq = 1 for some α, β ∈ Z. Setting T = t1 q = − t2 p (if p or q is 0, then t 1 or t 2 is 0 (by (61)) and the second condition in (58) is trivial), we have t 1 = qT and t 2 = −pT, and thus t 1 Z ⊕ t 2 Z ⊂ T Z; moreover,
and thus t 1 Z ⊕ t 2 Z = T Z, which is the second condition in (58).
7.2.
The structure of the map g. Since the bundleQ → M introduced at the beginning of the previous section is maybe not trivial, we consider the universal covering π :M ≃ A → M ≃ A/Γ, and the pull-backs
The bundle π * Q →M is trivial and admits a global sections which is a lift of the parallel frame (e 0 , e 1 , e 2 , e 3 ) ∈ π * Q E ×M π * Q M (sinceM is simply connected). We then define the map g :
is the constant spinor field 1 of R 4 , restricted to M and pulled-back to the universal covering of M. It appears that the map g is globally an horizontal lift of the Gauss map, with a very simple structure. We consider
A , the Gauss map of M ≃ A/Γ, and its lift to the universal covering; they are conformal maps by construction. We also consider the Hopf fibration
with its natural horizontal distribution (see Lemma 6.4).
commutes. Moreover, there exists a conformal map ψ : A → A such that
Proof. We haveG = g −1 Ig where g ′ g −1 belongs to AJ ⊕ AK (see Lemmas 4.4 and 6.2). This is the first part of the proposition. Moreover, the existence of ψ : A → A may be proved exactly as in the proof of (36) in Theorem 2.
We finally give the structure of g (recall Proposition 7.1 and the definition (58) of S and T ): Proposition 7.5. We have
with g 1 = g 1 (s) and g 2 = g 2 (t) ∈ S 3 . Moreover, one of the following two situations occurs:
(1) g 1 and g 2 are periodic curves with period S and T respectively; (2) g 1 and g 2 satisfy
for all s, t ∈ R and k ∈ Z; in that case the subgroup Γ is such that
Proof. Identity (62) is a consequence of the fact that g is a conformal map. Since ϕ = [s, g] is Γ-invariant (ϕ is the pull-back of a section of a bundle on A/Γ) and sinces is a lift of the Γ-invariant frame (e 0 , e 1 , e 2 , e 3 ), we get
for all a ∈ A and all γ ∈ Γ, where ε : Γ → {±1}. In view of the definition (58) of S and T, this easily gives
for all s, t ∈ R. The map ξ(e 0 ) := e 0 · ϕ, ϕ : A → H A is Γ-invariant (since e 0 and ϕ are pull-backs of sections of bundles on A/Γ), and reads, ins,
since e 0 is represented by [e 0 ] = σ1 ins. Using (62), (66) reads
where, for the last identification, we use
Writing that ξ(e 0 ) is Γ-invariant, we then deduce
for all s, t ∈ R and all p, q ∈ Z, and thus
for all s, t ∈ R and all k, k ′ ∈ Z s.t. kS = ps 1 + qs 2 and k ′ T = pt 1 + qt 2 for some p, q ∈ Z. Taking (65) into account, the only possibilities are then the two cases in the statement of the proposition; finally, in the second case, Γ necessarily satisfies (64): Γ is exactly the set of elements of the form (kS, k ′ T ) where kS = ps 1 + qs 2 and k ′ T = pt 1 + qt 2 , and (68), together with (63), implies that
7.3. Spinor representation of the flat tori in S 3 . We obtain here an explicit description of the flat tori in S 3 ; it follows from the general spinor representation formula of Theorem 1, written in frames adapted to the tori: Theorem 4. Let Γ be a subgroup of translations of A ≃ R 2 satisfying the conditions (57) and (58), and g : A → S 3 A be a conformal map such that
for some conformal map ψ : A → A, satisfying one of the two conditions in Proposition 7.5. Writing
we moreover assume that θ 2 belongs to (π/2, π) mod. π. Then the formula
defines a flat torus immersed in S 3 . Conversely, a flat torus immersed in S 3 is of that form. Remark 7.6. By (69), the functions cos ψ and sin ψ appear to be Γ-periodic, and the function ψ induces a map A/Γ → A/Γ 2π where Γ 2π = 2πZ ⊕ σ 2πZ ⊂ A. Moreover, since θ 2 : A → R induces a map A/Γ → R/2πZ and is assumed to belong to (π/2, π) mod. π, θ 2 is in fact Γ-periodic.
Proof. We first assume that F : M → S 3 is the immersion of a flat torus, and we fix an orientation on M. Since its Gauss map G : M → Q ⊂ Λ 2 R 4 is regular (as it is for every surface in S 3 ), we may consider the Lorentz structure induced on M by G and compatible with the orientation; we have M ≃ A/Γ, where Γ is a subgroup of translations of A ≃ R 2 which satisfies (57) and (58). We now consider ϕ ∈ Γ(Σ) the restriction to M of the constant spinor field 1 ∈ H A of R 4 . As above, we consider the pull-backs of the bundles and sections to the universal covering π :M ≃ A → M ≃ A/Γ. We fixs, a global section of π * Q which is a lift of a parallel frame (e 0 , e 1 , e 2 , e 3 ), where e 0 is here the unit outer normal vector of the sphere and (e 0 , e 1 ) and (e 2 , e 3 ) are respectively normal and tangent to the torus; we have F ≃ e 0 · ϕ, ϕ , since, for a surface in S 3 , the position vector F coincides with the unit outer normal vector of the sphere (see (18) ), and thus
A represents the spinor field ϕ ins. Easy computations using (69) and (70) then yield
using these formulas, the basis (∂ x F, ∂ y F ) has the orientation of the basis (dF (e 2 ), dF (e 3 )) if and only if the determinant
is positive (dF (e 2 ) ≃ e 2 · ϕ, ϕ is g −1 Jĝ and dF (e 3 ) ≃ e 3 · ϕ, ϕ is g −1 Kĝ (see (18))), which reads θ 2 ∈ (π/2, π) mod π.
(74) We now prove the direct statement: we assume that F is given by (71); using (72) and (73) we get
This implies that F is an immersion if θ 2 = 0 [π/2] and that 1 2 sin θ 2 ∂ x F and − 1 2 cos θ 2 ∂ y F form an orthonormal basis tangent to the immersion in that case, which is moreover positively oriented if θ 2 belongs to (π/2, π) mod π (on the torus, we choose the orientation induced by F, i.e. such that (∂ x F, ∂ y F ) is positively oriented). Thus the Gauss map is given bỹ
(see (30)), which, by (72) and (73), easily givesG = g −1 Ig. Since g is a conformal map, so isG, which implies that the immersion is flat with flat normal bundle (see Proposition 4.2).
Remark 7.7. By (75)-(76), the metric of a flat torus in S 3 is given by
in the special chart a = x + σy.
7.4.
Consequence: the description of the flat tori in S 3 . We consider here the Hopf fibration
we recall that a unit speed curve γ : I → S 3 is said to be horizontal if
for some function ψ : I → R. As a corollary of Theorem 4, we obtain the following description of the flat tori in S 3 [3, 14, 15, 11] :
Theorem 5. A flat torus immersed in S 3 may be written as a product
in the quaternions, where g 1 and g 2 are two horizontal closed curves in S 3 ⊂ H.
Proof. By Theorem 4, the torus is represented by a map g : A → S
3
A . Writing
where we use the identification (67). Since g is a conformal and horizontal map, the maps g 1 and g 2 are curves
which are horizontal with respect to the Hopf fibration (77). They are respectively periodic with period S and T, or 2S and 2T.
Remark 7.8. The curves g 1 and g 2 in (78) appear to be the components of the constant spinor field ϕ = 1 |M ∈ H A of R 4 in a frame adapted to the torus in S 3 .
Remark 7.9. In the Kitagawa representation [11] , the curves g 1 and g 2 are constructed as asymptotic curves in S 3 : here, they appear as horizontal curves. See Section 7.5 for the precise relation to the Kitagawa representation.
Remark 7.10. The converse statement of the theorem is true: (78) defines a flat torus in S 3 if it is an immersion, which is guaranteed if θ 2 = 0 [π/2] in the statement of Theorem 4; assuming that θ 2 ∈ (π/2, π) mod. π, and since θ 2 = (ψ 1 − ψ 2 )/2 (recall the definition (44) of ψ 1 and ψ 2 ), we get equivalently ψ 1 (s) − ψ 2 (t) ∈ (π, 2π) mod. 2π
for all s, t ∈ R, that is, the functions ψ 1 and ψ 2 take their values in intervals of length < π such that (2k + 1)π < min ψ 1 − max ψ 2 ≤ max ψ 1 − min ψ 2 < 2(k + 1)π (79)
for some k ∈ Z. The Kitagawa representation gives a nice interpretation of this condition; see Section 7.5 below.
Remark 7.11. It may be proved that a horizontal curve γ in S 3 , parameterized by arc length and biregular, has constant torsion = ±1, where the sign depends on the orientation of S 3 . Moreover, the curve γ has the opposite torsion. Thus, if g 1 , g 2 are biregular curves, they have constant torsion ±1, and the surface F = g 1 g 2 is the product of a curve with torsion 1 by a curve with torsion −1; this is the form of the flat tori in S 3 constructed in [3, 14, 15] .
7.5. The Kitagawa representation of the flat tori in S 3 . We now explain how the previous results are related to the Kitagawa representation of the flat tori in S 3 [11] . We assume that g : A → S 3 A satisfies the hypothesis of Theorem 4: formula (71) (or equivalently (78)) defines a flat torus immersed in S 3 . We moreover consider ψ : A → A such that (69) holds, and we set ψ 1 , ψ 2 ∈ R such that
We begin with a simple lemma:
Lemma 7.12. There exists α ∈ R such that sin(ψ 1 (s) − α) > 0 and sin(ψ 2 (t) − α) > 0 for all s, t ∈ R. In particular we have α / ∈ ψ 1 (R) ∪ ψ 2 (R) mod. π.
Proof. From (79) we get max ψ 2 + (2k + 1)π < min ψ 1 and max ψ 1 < min ψ 2 + 2(k + 1)π.
We take α such that max ψ 2 + (2k + 1)π < α < min ψ 1 .
We have 0 < ψ 1 − α < max ψ 1 − (max ψ 2 + (2k + 1)π), and since max ψ 1 − (max ψ 2 + (2k + 1)π) < (min ψ 2 + 2(k + 1)π) − (max ψ 2 + (2k + 1)π) ≤ π, we get sin(ψ 1 − α) > 0. Similarly, we have ψ 2 − α ≤ max ψ 2 − α < max ψ 2 − (max ψ 2 + (2k + 1)π) = −(2k + 1)π and ψ 2 − α ≥ min ψ 2 − α > min ψ 2 − min ψ 1 ≥ min ψ 2 − max ψ 1 > −2(k + 1)π, and thus sin(ψ 2 − α) > 0.
For such a number α, we set J α = cos α J + sin α K ∈ H and consider the Hopf fibration
We then consider the curves γ 1 = h α (g 1 ) and γ 2 = h α (g 2 ),
where g 1 and g 2 are such that
Lemma 7.13. The curves γ 1 , γ 2 : S 1 → S 2 are immersions with geodesic curvatures k γ1 = cotan(ψ 1 − α) and k γ2 = cotan(ψ 2 − α).
(80) They moreover satisfy k γ1 (S 1 ) ∩ k γ2 (S 1 ) = ∅.
(81) We assume here that S 2 is oriented w.r.t. its inner unit normal vector.
Proof. We have
which is not 0, since α / ∈ ψ 1 (R) [π] . Thus (and since sin(ψ 1 − α) > 0)
By an analogous computation, we get 
The last term is normal to S 2 at the point γ 1 = g 1 J α g 1 , and the tangent frame g 1 Ig 1 , g 1 K α g 1 is positively oriented if S 2 is oriented by the inner normal vector −g 1 J α g 1 . The geodesic curvature of γ 1 in S 3 is thus given by the coefficient of the first term, divided by 2 sin(ψ 1 − α) (the derivative in (82) has to be taken with respect to arc length), which is the first formula in (80). Finally, (81) is a consequence of the two formulas in (80) and of the condition We now consider the double covering 
where ε 1 , ε 2 = ±1, and the first part of the lemma follows. For the last claim, we note that formula (88) implies that H(ξ, ξ) belongs to the interior of the cone C whenever it is invertible; the solutions are then moreover clearly invertible in A.
